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ABSTRACT

We introduce the notion of expansiveness to characterize a family of robot configu-
ration spaces whose connectivity can be effectively captured by a roadmap of randomly-
sampled milestones. The analysis of expansive configuration spaces has inspired us to
develop a new randomized planning algorithm. This new algorithm tries to sample only
the portion of the configuration space that is relevant to the current query, avoiding
the cost of precomputing a roadmap for the entire configuration space. Thus, it is well-
suited for problems where only a single query is submitted for a given environment. The
algorithm has been implemented and successfully applied to complex assembly main-
tainability problems from the automotive industry.

Keywords: Motion planning, path planning, configuration space, random sampling, prob-
abilistic roadmap.

1. Introduction

Path planning is an important problem in roboti s t also has appli ations
in man other el s s h as omp ter graphi s omp ter ai e esign an man
at ring an me i als rger 1 en the geometr o a robot an obsta les a
planner is re ire to generate a ollision ree path bet een an initial an a goal
on g ration  his has been pro en to be a har problem here is strong e 1
en e that a omplete planner 1e a planner that n s a path hene er one e ists
an in 1 ates that none e ists other ise ill ta e time e ponential in the n mber
o egreeso ree om o o the robot
e entl ran omi ation has been s ess 1l e ploite to proi e ane ient
an general path planning s heme or robots ith man os he potential el
planner sear hes or a pathb ollo ingthe negate gra ient o an arti ial poten
tial el onstr te o erthe on g rationspa ean sesran om al stoes ape
lo al minima o the potential n tion t has been se in pra ti e ith goo re
s lts b t there are se eral ases here the potential el planner beha es poorl



s all this happens hen the planner rea hes a lo al minim m o the potential
n tion an the onl a to es ape the basin o attra tion o this minim m is
thro gh a narro passage bet een on g ration spa e obsta les  he probabilit
that aran om al n sits a thro ghs h anarro passageise tremel small
ther ran omi e planners se ran om sampling to onstr t a

in the on g ration spa e an then tr to n a path bet een an t o

inp t on g rations b onne ting them to the roa map ter pa ing a rela
ti el high ost or b il ing the roa map the ans er eries er e 1ientl an
are parti larl s itable i m ltiple path planning eries ha e to be ans ere in
the same stati en ironment  here are se eral 1 erent te hni es or onstr t

ing roa maps in 1 ing niorm sampling ollo e b lo al resampling in 1 It
regions  per orming ran om re e tions at the ree spa e bo n ar an sam
pling near the ree spa e bo n ar oa map planners ha e s ess 1l sol e
1 It problems or arti late robots 1ith p to o s in both an

en ironments

hese ran omi e planners ha e emonstrate goo per orman e empiri all
b t are not omplete omeo them a hie e the ea er notion o

ie the n apath ith high probabilit  hene er one e ists ote

that 1 no path e ists the planner ma ne er terminate  here ha e been se eral
attempts to pro 1 e theoreti al sti ation or the obser ¢ s ess o these plan
ners Potential el planners are anal e base on the st o ar o hainsan
1 sion pro esses n estimate is gi en or the probabilit that a ariant o a
roa map planner an n a path bet eent o gi en on g rations ass ming that
a path o ertain learan e e ists an the onne ti it propert o the roa maps
pro e isanal e n er the ass mption that a ree spa e is ie e er
ree on g ration sees a signi ant ra tion o the ree spa e n ort natel
this ariant ass mes that a omplete planner is a ailable to be in o e¢ in or er to
impro e the onne ti it o the roa map his ass mption is learl not realisti

n this paper e intro e the notion o an spa e hihin ol esa
slightl stronger ass mption than goo ness esho that n er the ass mption
that the ree spa eise pansi e 1 eb il aroa mapb samplingthe on g ration
spa e niorml at ran om an onne ting ea h pair o sample on g rations
that an be oine b a straight line path in the ree spa e then the res lting
onne te omponents o the roa map on orm to the onne te regions o the ree
on g ration spa e ith high probabilit nli e the pre io sres It in e
there is no nee  or a omplete planner here

Itho gh roa map planners o er an e 1ient sol tion or path
planning problems the are not s itable hen onl a single er is s bmitte
or a gi en en ironment goo e ampleo a path planning problem
is the assembl maintainabilit problem  here one m st etermine hether there
e ists a path to remo e a omponent rom an assembl o me hani al parts or
maintenan e n thissetting altho gh the ree spa e ma ontainse eral onne te
omponents at most t o o them are rele ant to the er being pro esse an
it is learl n esirable to per orm an e pensi e prepro essing step to onstr t a



ig. 1. An assembly maintainability problem used to test our planner. It is a
car pac aging model having | triangles.

roa map o the entire on g ration spa e nstea e ol preertob il onl
the part o the roa map that is rele ant to the er 1e the part that ontains
onl the on g rations that are onne te to either the initial on g ration
or the goal on g ration
r anal sis o roa maps s ggests a s heme to a hie e this goal e ientl 1n
the ase o e pansi espa es hei eaistosampleonl the onne te omponents
that ontain either or e start b sampling in the neighborhoo s o
or an then repeate 1 hoose ne samples in the neighborhoo s o the
on g rations no n to be onne te to or ntil a path is is o ere
heint iti ee planation orthes ess o thiss hemeis 1aan analog to the rapi
mi ing propert o ran om al s on e pan er graphs e ha e implemente an
algorithm base on thiss heme an teste it on assembl maintainabilit problems
rom the a tomoti ein str hese problems ontain omple mo els that
es ribe 1 ttere en ironments ha ing p to triangles n e ample is
sho nin ig re
he rest o the paper is organi e as ollo s n e tion e e ne the no
tion o e pansi e spa es an anal e the onne t1 it o probabilisti roa maps in
e pansi e spa es  he main res It o this anal sis is an estimate o the si e o the
roa map nee e toreliabl apt re the onne ti it o a reespa easa n tiono
parameters meas ring the e pansi eness o the reespa e n e tion e es ribe
o r ne planner an the implementation etails or a rigi bo robot  ith si
os as ell ase periments ith the implemente planner e also present a se 1
e tension o the planner base on the notion o in the ree
spa e n e tion e s mmari e the ma or res lts an point o t possibilities or
t re or

. E ni S ¢

he on g ration o arobotis aspe i ation o the position an the orientation



o ea h rigi bo omposing the robot ith respe t toa e oor inate s stem
ore ample a on g ration an bespei e b  parameters
here 1sthen mbero egreeso ree omo arobot heseto all on g rations

orms the robot s on g ration is i the robot pla e
at  oesnot olli e ith obsta les heset o all ree on g rations orms the
hi h is as bset o esa thatt o on g rations ea h other 1
the straight line path oining them lies entirel in
o onstr t a probabilisti roa map graph e sample on g ra
tions niorml atran om rom an retain the ree on g rationsin e re er
to the on g rations in  as the here is an e ge bet een t o mile

stones 1 the seeea h other he presen e o narro passagesin poses signi ant

ig. 2. A free space with a narrow passage.

1 It or planners that b il aroa mapb sampling atran om ore ample
onsi er the ree spa e o ig re hi h onsists o t o s bsets an sepa
rate b anarro passage e pointsin  see alarge ra tion o an there ore
the probabilit that the planner pi s a milestone in  that sees a milestone in
is er small  ore generall let the loo o t set o a set be the s bset o
points in  that an see a large portion o the omplement o ith respe t
to he e ample o ig re s ggests that e an hara teri e narro passages
b the si e o loo o t sets ontains a s bset that has a small loo o t set
the probabilisti roa map planner ma ha e 1 It omp ting a roa map that
orre t| apt res the onne ti it o the ree spa e

eno ormall e ne the notion o an e pansi e spa e hi hisinten e to

apt re the 1 It o obtaininga goo roa map oragi enspa e oran s bset
let enote its ol me et enote the set o all on g rations
seen b a ree on g ration e all the o
nition 1
nition

e pansi e



or bre it e 1ill abbre iate the term e pansi e b e pansi e
he rst on ition in e nition g arantees e er pointin  sees at least an

ra tion o the ree spa e a propert o that e alle goo nessin e

n the e ample 0o ig re he se on  on ition g arantees that e er
s bset has a relati el large loo o t set  hin o as the nion o the
isibilit sets o a set o points an are both large then it is eas to pi
at ran om a itional points in so that a ingthem to  res Itsin e pan ing
signi antl n at e illseethat ith high probabilit ille ent all e pan
to o er the entire n the e ample o ig re 1 e hoose onl a
small ra tion o points in lo ate near the passage bet een an an see
a large s bset o points in en el s large ill be small e an in rease
the al eo b hoosing a smaller al e or b t an annot both be ma e
large sim ltaneo sl he parameters an meas re the e tent to hi h a
ree spa e is e pansi ¢  he smaller these parameters are the less e pansi e 1s
n the ne t s bse tion e ill sho that the ost o onstr ting a goo roa map
sing a probabilisti roa map planner in reases as an get smaller

goo probabilisti roa mapsho | satis t ore irements irst it pro i es
a e ate o erage o the ree spa e the milestones sho 1 olle ti el seeallb ta
small ra tion o so that er on g rations an easil be onne te to them
e on theroa mapm st orre tl represent the onne ti it o the reespa e i1e
there sho 1 be a one to one orrespon en e bet een the onne te omponents o
the roa map an those o

e ate o erage o the ree spa eis ormall e ne as ollo s

nition a e ate o erage
or an  gOoo Tee spa € ea h onne te omponent o has ol me at least
a set o milestones pro 1 esa e ate o erageo then ea h onne te
omponent o ontains at least one milestone t has been sho n that niorm
ran om sampling generates a set o milestones that pro i esa e ate o erage o
ith high probabilit he n mber o milestones nee e gro s proportional to
In here is the probabilit that sampling ni orml at ran om ails

to generate a set o milestones pro 1 inga e ate o erage o

ere o r goal is to sho that the onne ti it o a probabilisti roa map ob
taine rom a set o niorml sample milestones on orms to the onne ti it o
the ree spa e ith high probabilit heorem establishe belo states that ith
high probabilit not o onne te omponentso  lie in the same onne te om
ponent o ombine  1ith the earlier res 1t in e heorem implies that

ith high probabilit there is a one to one orrespon en e bet een the onne te

omponents o an those o



ig. . The lin ing sequence for .

e begin o r proo b e ning the lin ing se en e o a point see
ig re
nition lin ingse en e
ote that the sets are ompletel etermine b the se ene o
points an so or bre it e illreer to st these en e o points

as alin ingse en e or
he ollo ingt olemmas n ers ore thesigni an eo this e nition emma

states that a set o ran oml sample milestones is highl 1i el to ontain a
lin ingse en eo agi enlength or an milestone in emma sho s that the
sets asso iate  ith alin ingse en e o thislength span a large ol me he nal
sets etermine b long eno gh lin ing se en es or an t o milestones an
m st interse t sin e their ol mes are large eno gh n that ase an ill be
onne te b apath hisisa r ial obser ation hi h e ill se in the proo
o heorem to estimate the probabilit that t o milestones in the roa map are
path onne te

n both lemmas e ass me that 1s e pansi e
L 1
or on enlen e let s ass me that et be the e ent that
there ¢ ists alin ingse en ein o length an  be the e ent that there oes

note ists hase ene

Pr Pr Pr Pr Pr
Pr Pr
e ol li eto estimate Pr hat is gi en that there e ist
orming a lin ingse en e o length hat is the prob
abilit that ontains no lin ingse en e o length or I enee isthat
ontains no point | ing in ote that are on 1

tione an e annote pe t them toliein o e er theremaining



pointsin  are n on itione an hosen niorml an in epen entl rom
in e e ha e that

b the rst on ition in the e nition o an e pansi e spa e rther
b the se on on ition in the e nition e obtain that

t ollo sthat the probabilit that oes not ontain a point in
is at most

ene ehae

Pr Pr
an
Pr
oting that e obtain the esire bo n
Pr
hat 18 1th probabilit at least ontains a lin ingse en e
o length or
L th
In
et s s ale p all the ol mes so that bser e that sin e
e obtain

he last ine alit ollo sb the e nition o an e pansi e spa e bser ing that
e ha e there rren e

he sol tion to thisre rren et rns o t to be

bser ing that an that e obtain



ig. 4. Lin ing sequences for and

learl or In e ha e

eare no rea tostate o r mainres It t relates the notion o a lin ingse

en e toaset o ran oml sample milestones ppose that aset o milestones
are sample rom et  be the probabilisti roa map obtaine b ta ing all the
milestones in  as erti es an intro ing ane ge bet een an t o milestones in
that an see ea h other orea h onne te omponent in let
be the set o milestones belonging to an be the s bgraph o ontaining
the set o erti es
T or 1
In
gain ass me itho t loss o generalit that ppose that e
sample a total o milestones rom onsi er an t o milestones in
or some 11 e the rest milestones into t o s bsets an o
milestones ea h t ollo s rom emma that an milestone in has a
lin ing se en e o length 1in ith probabilit at least he
same hol s or an milestone in et an be the 1isibilit

sets etermine b the lin ing se en es o length or the t o milestones
emma  both sets ha e ol me at least 1 e hoose an
hen e the m st ha e a non empt interse tion ith ol me at least e
no that be a se b the rst on ition in the e nition o e pansi e
spa es the isibilit region o an point in m st ha e ol me at least in e
the milestones in are sample in epen entl atran om it ollo sthat ith
probabilit at least there 1s a milestone that
lies in the interse tion see 1ig re ote that both an ha e a path to
onsisting o straight line segments ben ing onl at the lin ing se en e points

hi ho o rse belong to the set o milestones his means that there is a path
rom an  to sing onl the e ges o the roa map graph

et enote the e ent that an ail to be onne te o 181 the sets

in the lin ingse enes o an o not interse t or no points o lie in the

or clarity of exposition, we have chosen a slightly larger value of than necessary. Using a
more refined estimate of  will complicate the technical details in the following proof.



interse tion an there ore Pr hoosing an

re alling e ha e
Pr
graph ill ail to be a onne te graphi an pair o no es ail to
be onne te he probabilit is at most
Pr
here the last ine alit ollo s rom the obser ation that In or
In o re iring also that In e ha e
learl itiss ient to hoose In bstit ting an
into the e pression or e obtain the esire res It

heorem pro i es an pper bo n on the n mber o milestones nee e to
b il a goo roa map ith high probabilit nterestingl the bo n  oes not
e phi itl mention the imension o the on g ration spa e be a se the e nition
o e pansi eness is base solel on the isibilit properties o hi h is state
in terms o ol mes o s bsets o o e er the epen en e on the imension

ig. 5. An ( )-expansive free space where

o is impli it in the s1 e o the parameters an o ill strate this point

onsi er the e ample o ig re he ree spa e onsists o t os ares an
onne te b amnarro orri or ahs arehassi es o length an the

re tang lar orri or has length an 1 th ith p to a onstant



a tor ea h o the parameters an  isontheor ero n ee the points
ith the smallest isibilit set are lo ate in the narro passage a hs h point

has a 1sibilit set o ol me appro imatel in e the ol me o the ree

spa e 1s rthermore onl a small

s bset o ith ol me appro imatel ontains points ea h o  hi h sees

a set o ol me appro imatel in an there ore

an n the ersion o thise ample t oh per
bes ea h ha ing ol me are onne te b ah per parallelepipe 1 orri or

that hassi e in  imensions an si e in the rest imensions
a h o the parameters an isontheor ero here ore the n mber

o milestones nee e tob il agoo roa mapise ponential in  or this e ample
n alternati ebo n or then mber o milestonesnee e an be obtaine rom
the path learan e ass mption onsi er a ree path bet eenan t o on g rations

an in the same onne te  omponent o et be the length o the path
an be its learan e hi his e ne as its minim m istan e to the bo n ar
o
T or

R
In

n the ersion o the e ample in ig re  the ma im m learan e o a path
going thro gh the narro passageisal a s or an integer he

bo n in heorem isal a se ponentialin e eni the passageis 1 e in most
imensions rne bo n base one pansi eness iel s an mber o milestones
that is onl e ponential in
he bo n in heorem pro i es a reasonable meas re o the amo nto or
that the planner sho 1 oinor ertob il agoo roa map ith high probabilit

in an e pansi e reespa e nort natel e annote e ti el omp teit
ina ane sine e onot no the al eso an e ept or er simple
spa es ne ma be tempte to se a onte arlo te hni e to estimate these

al es b t it seems that a reliable estimation o 1 ta e at least as m h time as
b il ing a satis a tor roa map e ertheless heorem is important irst it
tells s that the probabilit that a roa map oes not on orm to the onne ti it

o} e reases e ponentiall  ith the n mber o milestones e on the n mber
o milestones nee e in reases mo eratel  hen an e rease
ote also that a straight path bet eent o on g rations o or one param
eteri ation o ma not be a straight path or another parameteri ation o o}
or a gi en geometr o arobot an obsta les 1sibilit properties in hen e the
al eso an epen on ho is parameteri e tho gh the onne ti it
o} oes not epen on this parameteri ation  hoosing a parameteri ation o

iel ing the largest al eso an remains an open problem



. T N P nnr

he e notion se in the anal siso e tion is the lin ingse eneo a
point  the isibilit region asso iate  ith the lin ingse en eo interse ts
ith that o then a path is o n his s ggests a er simple algorithm
or single er path planning problems in e pansi e spa es  he basi 1 ea is as
ollo s gi ent o on g rations an e sample at ran om rom b t
retain onl those on g rations that are path onne te to either or e
th s b 1l t o trees roote at an respe t1 el a h no e in the tree

represents a ree on g ration that is path onne te to the root hese t o trees
eep gro ing ntil the isibilit region o one tree interse ts ith that o the other
he isibilit region o a tree is e ne as the nion o the isibilit regions o its
no es

ormall o r algorithm iterati el e e test o basi steps an
ntil either a path is o n or the ma im m n mber o iterations is
rea he e ass me that the on g ration spa e is gi en impli itl b a n
tion that maps a on g ration to the istan e bet een the
robot pla e at an the obsta les
E n ion. e sim ltaneo sl b il t o trees an
in e these t o operations arei enti al egi eageneri es ription
o the algorithm hi h gro s atree starting roma gi en on g ration
ept ano e in the tree ith probabilit here is the o
e then sample the neighborhoo o ni orml at ran om an retain those

on g rations that are most li el to ontrib te to the isibilit region he etails
are gi en belo

A orit
Pi ano e rom ith probabilit
ample  points rom here s some
istan e metri o an are parameters
or ea h on g ration that has been pi e do
al late an retain ith probabilit
i is retaine an ret rns ES

t npt in an plaeane ge bet een an

n tep etermines hether there is a straight line path bet eent o on g
rations ts implementation ill be 1s sse in e tion
e ant toma es re that as the r nning time in reases the set o no es store

in an get istrib te rather niorml o er the onne te omponents
that ontain an respe ti el o a hie e this the e nition o is
essential e e ne to be the n mber o sample no es in the tree that lie
in nt iti el this implies that regions that ontain e no es 1ill more

li el be sample the spa e is e pansi e then it ma be arg e that the set o



ran oml sample on g rations in ee on erges to the niorm istrib tion b
ra ing an analog torapi I mi ingran om al sone pan er graphs

Conn ction. eno ha et o trees an n the onne tion step the
planner tries to establish a path bet een an he algorithm is gi en
belo
A orit
or e er an do
i is a parameter
t n
n tep e tr to limit the n mber o alls to b al lating the istan e
bet een an a or ing to another metri in be a se in most
spa est o istant on g rations are nli el to see ea h other
ret tns ES or some an then a path is o n bet een an
going thro gh an he planner terminates s ess 1l

e no is ss some implementation etails o the planner or a rigi bo

robot translating an rotating in a en ironment

Pr triin t con ur tion ¢ . e represent a on g ration o a
rigi bo robotb ase ent ple here spe 1 es the po
sition o the robot an isa nit aternion spe i ing the orientation

o the robot ith respe t toa e reeren e rame ompare to other represen
tations s h as ler angles or trans ormation matri  nit  aternion best re eals
the topolog o the rotation spa e ts a antagesinl elo memor sage
an rob stness against oating point errors nterpolating bet eent o  aternions
is also er eas

it nc t nt ocon ur tion. ehae se t o istan e metri sin
o r algorithm an or e an simpl treat asthe artesian
spa e an  se either the or metri so that e an sample ne on g
rations er e ientl e ha e to be more are |in e ning be a se it

m st re e t the at that t o on g rations that see ea h other are li el to be

lose n er this metri e e ne to be the ma im m istan e tra ele

b an point on the robot hen it mo es along a straight line path bet een an
omp ting an pper bo n o this metri is relati el ast

Uni dir ction ru 1 dir ction n ion. he algorithm es ribe in
e tion gro st o trees an sim ltaneo sl o e er i the robot
is highl onstraine aro n an totall ree to mo e aro n as in the
ase o assembl maintainabilit problems i1t ill be m h aster to b il onl

an tr to onne t ea hno ein to
C o0 in he hoi e o is important is set so large as to en ompass the

entire spa e then this ne algorithm ills er the same problem as the roa map
planner  lot o samples ill allinto onne te omponentso that are irrele ant
to the rrent er n the other han 1 is too small most samples 1ill be in



regions lose to or ma ing it 1 It to n a path bet een an
enerall spea ing the more onstraine the spa e is the smaller sho 1

be

C oo in he algorithm is not er sensiti e to the hoi e o s all a
smalln mbers has iss lent

Co utin ¢ r nc . no ralgorithm the n tion gi es an impli it
representation o the on g rationspa e an 1s alle man times ring planning
t an be implemente in ario s a s t one e treme an omp te
the e a t li ean istan e omp ting the e a t istan e bet een a robot an

obsta les in an be e pensi e t the other e treme it an simpl ret rn ES

or NO in hi h aseit be omesa ollision he er here are man appro imations
possible in bet een the t o e tremes

ollision he ingis s all aster than istan e omp tation mplementing

b a ollision he erre es the time spent orea h all n the other
han altho gh istan e omp tation ta es longer to e e te it pro i es more
in ormation hi h an be se tore e the n mber o alls to r
e perien e seems toin 1 ate that these on approa h or sbetter e 1ill 1s ss
this  rther in the ne t paragraph here is onsi erable literat re on ollision
he ing an istan e omp tation or e ample es
C c¢cin tri t in conn ction. he n tion he s hether there is
a straight line path bet een t o on g rations an ppose that
omp tes the istan e bet een a robot an obsta les et an  ha e learan e
an respe t1 el esa that an are 1

an are a a ent then the robot an mo e bet een them along a straight
line path itho t olli ing ith obsta les 1 en an re 1si el brea s
the straight line segment bet een an into shorter segments t stops hen
the en points o ea h segment are a a ent or one o the en points is not in the
ree spa ¢ n the rst ase an an see ea h other n the se on ase the
annot e se ollision he ing instea o istan e omp tation e ol
ha e to ontin e brea ing the segment ntil a pre spe 1 e resol tion is rea he
n general this res lts in more alls to an onl g arantees that an
an be onne te b a straight line path p the resol tion spe i e
T r in tion condition. in e the planner ill not stop i no path e ists e
m st e pli itl set the ma im mn mber o e pansion an onne tion steps to be

e e te lternati el e an hoose to terminate the algorithm i the minim m
eight o er all the no esin thet o treese ee s a ertain al e be a se this
in 1 ates that e ha e s ientl sample the on g ration spa e b t are still

nable to n a path
Pt oot in . s all the path generate b this planner has too man ig
ags b tit an be smoothe b a simple algorithm

he planner is implemente in eas rements reporte in this se tion
are the a erage 0 e in epen ent r ns or ea h problem nless note other ise



g
ig. . Robot going through a hole. The size of the square obstacle is
12 12 . The size of the holes is . (a) and (g) show the initial and

goal configuration of the irregularly-shaped robot respectively. (b)-(f) show
intermediate configurations along the path.

r nning times ere meas re on a ili on raphi s rimson or station ith one
P pro essor an 0 memor
ig re sho ssnapshots o a omp te e ample he or spa e or the robot
isbo n e b abo notsho n an ontainsonl one obstale hi hisas are
itht oholes herobot hi hisanirreg larl shape rigi bo bent at se eral
pla es has to tra el rom n er the obsta le to abo eit in ethes aree ten s
the 1lsi e o the bo n ing bo o the or spa e the robot an a hie e its goal
onl b going thro gh one o the holes  his problem is 1 It be a se o the
the irreg lar shape o the robot an the small si e o holes e an in er that
topologi all the ree spa e onsists o t o globes onne te b t o narro
passages es mmari e in able theres lts or the problem ith three 1 erent
hole si es ol mn sho s the si e 0o holes n all three ases the si e o the
s are obsta le is ol mn an sho the n mber o tree no es an
istan e omp tations se respe ti el ol mn gi es total r nning time s
the hole si e gets smaller the spa e be omes less e pansi e an the r nning time
in reases a or ingl  n this e ample as the area o the hole e reases linearl
the n mber o istan e omp tations se in reases at abo t the same rate  he
n mber o tree no es nee e an the e e tion time in rease at a slightl slo er
rate n general these per orman e meas rements epen on the e pansi eness o
the on g ration spa e hi hint rn epen s on the hole si e in the or spa e

These running times were obtained on a SGI Indigo 2 wor stationwitha 2 MHz MIPS R44
processor and 12 MB of memory.



Table 1. Results for the problem shown in igure with different hole sizes.

holesi e | no no es | no ist omp |e e time se

o e er the relationship bet een the lattert o an be ite ompli ate tho gh
it is monotoni
e ha e also teste this planner on assembl maintainabilit problems  he

inp t to the planner is ata es ribing an assembl o parts s h as the
one sho n in ig re he en ironment s all onsists o tens o tho san s
o pol gons an is er | ttere e to esigners esire to pa e er thing into

limite spa e  he planner m st etermine hether there e ists a path to remo e
aspe i e part
t pi al problem that e ha e attempte has aro n triangles an the
planner an sol e the problem in abo t to min tes o ¢ amples are par
ti larl interesting n one ase e m st ta e o t the oil pan n er the engine
itho t olli ing 1ith the long protr sion n erneath the engine an other parts
aro n the engine n the other ase the ele tri harness behin the ashboar
m st be remo e he harness i1s a thin an long pipe li € ob e t ha ing three
bran hes  slight hange rom itsinstalle on g ration ma res It in one or more
o its bran hes olli ing ith parts nearb e to the spe ial geometri arrange
ment o these t o assemblies the parts to be remo ¢ m st e e te ompli ate
mane ers in or er to lear all the obsta les  he planner sol e the rst problem

in se on s an the se on problem in se on s he n mber o istan e
omp tations se are an respe t1 el
he largest ¢ ample e ha er n ontains triangles  he ob e ti eis to

remo e the asing o the transmission me hanism learing the ashboar an shit
st1 he planner o n a pathin abo t min tes
mong the problems that e ha e or e on there is one here the planner
aile to n a path ater r nning or more than eight ho rs e ere nable to
etermine hether a path a t all e ists or not

there are er narro passages in the on g ration spa e the al eso

an ill be e tremel small r anal sis s ggests that the r nning time o the
planner ma then be er long o e er or some problems the ser an easil
eri e the lo ation o narro passages rom the geometr o the robot an obsta
les e anta ea antageo thisint ition an as the sertoinp tinterme iate
points in a ition to an hat is the ser spe 1 es

the planner is s ess lin n ing a path bet een ea h pairo onse ti e on
g rations then o o rse a path is establishe bet een an ring o r

Due to the proprietary nature of these data, we cannot show images here.



e periments this simple e tension allo e o r planner to sol e some problems on
hi h the original algorithm aile an res lte insigni antre tiono e e tion
time on other problems gain the notion o e pansi e spa es helps to e plain the
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. Expansive decomposition. By inserting two intermediating points
and , we implicitly decompose the free space into three components, each of

which is expansive with large , , and

se Iness o this e tension a e a s bset he three parameters that
meas re the e pansi eness o 1S e ne to ore ample 1s e ne
s hthat ore er point the ol meo the isibilit seto 1in isat least
times the ol meo ree spa e thatise pansi e ith er small al eso
an an possibl be e ompose into a small olle tion o o erlapping s bsets
s h that the al eso an  are large or all
e then re er to as o spe 1 ing
appropriate interme iate points the ser impli itl e omposes into e pansi e
omponents  his e omposition is 1ll strate in ig re r anal sisin e
tion in 1 ates that the r nning time or planning a series o s b paths ea h
onne ting t os essi e on g rations in sho 1 be shorter be a se none o
ontains a narro passage
his e tension o the basi algorithm is 1 erent rom ell e omposition al
gorithms in the literat re o e pli it e omposition is omp te here t also
potentiall ta es ar e er omponents to e ompose the on g ration spa e into
e pansi e ells than into on e ellsre ire b most ell e omposition algo
rithms o eer e onot no ho to omp te the interme iate on g rations
a tomati all t this stage e m st rel on the int ition o the ser to inp t
them

. Conc u 1on

e ha e intro e the notion o e pansi e on g ration spaes ns ha
spa e b il ing a roa map iaran om sampling ane e ti el e tra t the onne
ti it in ormation o the on g ration spa e e ha e gi en an estimate on the
n mber o milestones nee ¢ as a n tion o the parameters an that
meas re the e pansi eness o the on g ration spa e

e ha e also presente ane ran omi e planner or robots ith man os

his planner gro s t o trees roote at the initial an goal on g ration respe
ti el ntil the isibilit region asso iate  ith one tree interse ts ith that o the
other tis ell s ite or single er path planning problems e ha e imple
mente this planner or asi o rigi bo robot an s ess Il e perimente



ith it on omple problems in 1 ing real li e e amples rom the a tomoti e in

str  ith en ironments ha ing p to triangles  he e pansi e propert
o the spa e has helpe toe plain the s ess o this planner

ne ire tion ot re resear h is to a elerate the planner b a tomati all
generating interme iate on g rations to e ompose the ree spa e into e pansi e
omponents as s ggeste in e tion t o1 not onl relie e the ser o
the b r en o spe i ing interme iate points b t also help in sit ations here
narro passages are not ob io s to the ser  nother approa h o 1 be to se
geometri trans ormations to in rease the e pansi eness 0 a reespa e ore ample
b 1 ening narro passages n e a path has been ¢ ientl omp te in the
trans orme spa e an in erse trans ormation o I be se to map the path into
the original ree spa e
e also plan to integrate the ne planner ith the roa map planner in e

orm ltiple er path planning problems rrentl the roa map planner samples
the on g ration niorml at ran om rom the on g ration spa e in or er to
generate milestones pi all mosto the on g rationspi e morethan
are in ollision 1ith obsta lesan is ar e t ol behighl esirable tosample
ollision ree on g rations moree ientl nei ea o | betosample niorml
a er smalln mber o on g rations rom an se the ne planner to e pan
rom these on g rations in or er to generate a itional milestones

Ac no d nt

his or has been s pporte b grant a ee
ot aniisalsos pporte b an lre P loan esear h ello ship an a
It Partnership ar an o ng n estigator ar ith
mat hing n s rom its bishi  hl mberger o n ation hell o n a
tion an  ero orporation Part o the e perimental or reporte in e tion
as onein ollaboration ith enter in  arren e also than
enter or pro i ing sthe atasho nin ig re e than ia arail

orman 1is ssionson this or 1 hang or pointing o t an error in the original
proo o emma an te e a alle orrea ingearl rats o this paper
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